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The self-action features of wave packets propagating in a two-dimensional system of equidis-
tantly arranged fibers are studied analytically and numerically on the basis of the discrete nonlinear
Schro¨dinger equation. Self-consistent equations for the characteristic scales of a Gaussian wave
packet are derived on the basis of the variational approach, which are proved numerically for powers
P < 10Pcr exceeding slightly the critical one for self-focusing. At higher powers, the wave beams
become filamented, and their amplitude is limited due to nonlinear breaking of the interaction be-
tween neighbor light-guides. This make impossible to collect a powerful wave beam into the single
light-guide. The variational analysis show the possibility of adiabatic self-compression of soliton-like
laser pulses in the process of their three-dimensional self-focusing to the central light-guide. How-
ever, the further increase of the field amplitude during self-compression leads to the longitudinal
modulation instability development and formation of a set of light bullets in the central fiber. In
the regime of hollow wave beams, filamentation instability becomes predominant. As a result, it
becomes possible to form a set of light bullets in optical fibers located on the ring.
PACS numbers: 42.65.-k, 42.50.-p, 42.65.Jx
I. INTRODUCTION
The current advance in the technology of generation
of ultrashort intense laser pulses not only yields greater
pulse intensity and shorter pulse durations, but makes
laser facilities less expensive as well, which opens up am-
ple opportunities for a number of important applications
[1]. Compression of laser pulses to durations of several
optical cycles is based on the spectral-temporal transfor-
mation of femtosecond pulses during their propagation
through nonlinear media. Extremely short pulses were
obtained in nonlinear optical fibers, both in the region
of normal dispersion with the subsequent use of disper-
sion compressors [2–4], and in the region of anomalous
dispersion due to multisoliton compression [5–8]. At a
millijoule energy level, they were produced in gas-filled
capillaries and photon-crystalline fibers due to the com-
bined effect of ionization nonlinearity and plasma disper-
sion of group velocities [9–12]. A similar mechanism is
realized by using filaments [13–16].
In the last decade, significant advances have been
made in generating high-energy laser pulses in the mid-
IR range, for which most media have anomalous disper-
sion of the group velocity. This has given an impetus
to studying radiation self-action in the regime of anoma-
lous dispersion, both in waveguide systems [17], and in
homogeneous media [18, 19]. Here, specific features of
the self-action are connected with the fact that radiation
self-focusing in a medium with anomalous dispersion is
accompanied by shortening of a soliton-like wave packet
[20]. The possibility of replacing high-power solid-state
lasers with equivalent laser systems based on fiber com-
ponents looks very attractive, since it can change the
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appeal of the corresponding applied developments in a
radical way by ensuring small dimensions, ease of use,
reliability, and operation stability of a laser system.
One of the modern trends in fiber optics is associated
with the possibility of using specially structured waveg-
uide systems to control light fluxes [21–23]. It is actively
supported by technological progress in creating micro-
and nano-heterogeneous structures. Photonic crystals
and metamaterials, in which the optical refractive index
is periodically modulated, are widely used [21, 22, 24].
At the same time, the nonlinear wave science in spa-
tially periodic media is being developed actively. Due
to the nonlinear nature of the interaction of optical ra-
diation with the medium, the situation here turned out
to be richer than in solid-state physics. In addition to
the purely fundamental interest in the research, there is
a practical aspect: the possibilities to generate a super-
continuum [25] and shorten the durations of laser pulses
[26, 27], control the structure of the wave field [28, 29]
and form the light bullets [30, 31], use active fiber sys-
tems for generation of intense laser pulses [32].
In a continuous medium, the basic model for study-
ing the wave field self-action is the nonlinear Schro¨dinger
equation (NSE). The generalization of this model for de-
scribing the features of nonlinear processes in a system
of weakly coupled fibers was successful [21, 22, 24, 33].
The discrete nonlinear Schro¨dinger equation (DNSE) is
also widely used to study the dynamics of nonlinear ex-
citations in solid state physics [34] and in molecular sys-
tems [35] including those on the quantum level of the
description of the medium. Due to the complexity of
the processes accompanying the propagation of intense
laser radiation in a spatially stratified medium, theo-
retical research relies mainly on numerical simulation of
the problem. It shows that even in the one-dimensional
case discrete models demonstrate more complex behav-
ior [21–24, 33–35] than in the continuous case. The use
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2of approximate methods of studying the system dynam-
ics makes it possible to classify characteristic regimes of
self-action and to determine critical parameters. Here,
the variational approach has great prospects [36–39].
The purpose of this paper is to study analytically and
numerically the possibility of laser pulse self-compression
due to the adiabatic decrease in the duration of a soliton-
like wave packet during self-focusing of the wave field in
a a two-dimensional array of weakly coupled light-guides.
Along with that, an important issue is the possibility of
coherent summation of radiation into the central light-
guide during self-focusing of the radiation in the system
under consideration. Based on the analytical and numer-
ical studies performed, we will determine the initial pa-
rameters of the laser pulse aiming at achieving the max-
imum compression of the wave packet in the light bullet
mode.
The structure of the paper is as follows. In Section II,
the system of ordinary differential equations on param-
eters of the wave packet having the Gaussian form are
derived by using the variational approach. On the basis
of these equations, a qualitative analysis of the modes
of self-action of wave beams in a two-dimensional lat-
tice is carried out, and features of self-compression of
femtosecond soliton-like laser pulses in a discrete system
are investigated. Section III presents results of numerical
simulation of the two-dimensional DNSE and shows good
agreement with analytical analysis of the system dynam-
ics at powers which exceed the critical self-focusing power
only slightly. Using numerical simulation (Section IV),
a detailed picture of the self-focusing of the radiation in
the central fiber, shortening and subsequent splitting of
the laser pulse with further propagation of the wave field
along the axis of the system is investigated. The possi-
bility of forming a set of light bullets in the process of
development of filamentation instability in the field of
hollow wave beams is considered. In the Conclusion, the
results of the work are summarized.
II. VARIATIONAL APPROACH
Let us consider a model, in which the light-guides
are located at the nodes (n,m) of a rectangular lattice.
The envelope amplitude unm of the wave packet in the
(n,m) waveguide changes during the propagation along
the z axis under the action of the following factors: dis-
persion of the waveguide system, cubic nonlinearity of
the medium, interaction with neighboring light-guides.
This yields the discrete NSE having the following form
[26, 27, 39]:
i
∂un,m
∂z
+ γ
∂2un,m
∂τ2
+ un+1,m + un−1,m+
+ un,m+1 + un,m−1 + |un,m|2un,m = 0. (1)
Here, τ is the longitudinal coordinate of the wave packet,
and γ is the coefficient characterizing the quadratic dis-
persion of the group velocity of the light-guide. Further,
we consider only the case of anomalous dispersion of the
group velocity (γ = 1). This equation has a Hamiltonian
structure, like the continuous NSE. In addition, system
of equations (1) preserves the total energy of the wave
packet
W =
+∞∫
−∞
∑
n,m
|un,m|2dτ = const. (2)
In the case of continuous radiation ∂ττunm = 0, the con-
served quantity is the power
P =
∑
n,m
|un,m|2. (3)
To study the peculiarities of the discrete problem qual-
itatively, we turn to the variational approach and then
compare the results of the approximate analysis with the
numerical solution of system (1). As in the NSE case,
the variational approach allows one to obtain ordinary
differential equations for changing the width of the wave
field and the curvature of the phase front of Gaussian
wave beams in a discrete problem along the propagation
path. As a result, it is possible to describe not only
the self-focusing of initially smooth field distributions up
to the lattice size, but also the effects of the transition
to the self-channeling mode of radiation in the central
fiber [39], which are determined by the discrete nature
of the medium. This special case of the variational ap-
proach based on the Gaussian form for wave pulses is
often called the aberration-free approximation. This ap-
proach was firstly introduced in [40] and is widely used
in nonlinear optics for continuous media [20].
To obtain analytical results, we use the approach based
on the Lagrangian
L =
+∞∑
n,m=−∞
i
2
(
un,m
∂u?n,m
∂z
− c.c.
)
+
∣∣∣∣∂unm∂τ
∣∣∣∣2
− (un+1,mu?n,m + un,m+1u?n,m + c.c.)− 12 |un,m|4. (4)
By using the Poisson summation formula∑
F(n,m, z) =
∫
F(x, y, z)
∑
e2piinx+2piimydxdy,
(5)
expression (4) is converted to the form
L =
∑∫ [ i
2
(
u
∂u?
∂z
− c.c.
)
+
∣∣∣∣∂unm∂τ
∣∣∣∣2
− (u(x+ 1, y, z)u?(x, y, z) + u(x, y + 1, z)u?(x, y, z)+
c.c.
)− 1
2
|u|4
]
ei2pi(nx+my)dxdy, (6)
which allows us to describe the evolution of a discrete sys-
tem by a function of the continuous argument u(x, y, z).
As a result, the problem is reduced to a “continuous”
3one, and for analysis of this problem, it is natural to use
the variational approach.
Next, we will study the evolution of axially symmetric
Gaussian wave packets
un,m =
√
W
a
√
τ0
4
√
pi3
exp
(
− τ
2
2τ20
− (x
2 + y2)
2a2
+
+ iα(x2 + y2) + iβτ2
)
. (7)
The parameters τ0 and β characterize the duration and
frequency modulation (chirp) of the wave packet. The
parameters a(z) and α(z) describe the change in the
beam width and the curvature of its phase front during
propagation.
In the considered case of the Gaussian field distribu-
tions (Eq. (7)), we can perform integration in (6) and
obtain an expression for the Lagrangian in the form of
a functional series. Estimates for the series terms show
that it is sufficient to take into account the single term
with n = m = 0 to describe the processes with the width
a  1/pi. This condition actually means that the pro-
posed approximation of the discrete field distribution by
continuous function (7) remains valid also for describing
the evolution of distributions with a characteristic scale
comparable with the lattice size. As a result, we arrive
at the following truncated Lagrangian of the system
L0 = α˙a2W + 1
2
β˙τ20W +
W
2τ20
(
1 + 4β2τ40
)−
− 4W exp
(
− 1
4a2
− α2a2
)
− W
2
σa2τ0
, (8)
where σ = 4pi
√
2pi, q˙ ≡ dq/dz, and q are the parameters
{a, τ0, α, β}. Using the Euler equation
d
dz
∂L0
∂q˙
− ∂L0
∂q
= 0,
we obtain
α˙ =
(
1
a4
− 4α2
)
e−
1
4a2
−α2a2 − W
σa4τ0
, (9a)
a˙ = 4αae−
1
4a2
−α2a2 , (9b)
τ¨0 =
4
τ30
− 4
σ
W
a2τ20
. (9c)
Equations (9a) and (9c) describe the competition of
diffraction and nonlinear refraction (first and second
terms, respectively). The nonlinear alteration of the
phase front is determined by the same expression as that
in a continuous medium. The main contribution made
by media discreteness is the exponential weakening of
the diffraction effects.
Note that equations (9) have a stationary solution with
α = 0, a˙ = 0, τ˙0 = 0 and
P ≡ W√
2piτ0
= 4pi exp
(
− 1
4a2s
)
, (10)
where as is the width of the homogeneous waveguide
channel. There are no stationary solutions for P > Pcr =
4pi. Exactly this regime of self-action will be considered
below. For P ≤ 4pi, the stationary solutions correspond
to the discrete analogue of the Townes mode in a contin-
uous media [41]. However, these solutions are unstable
according to the generalized Vakhitov-Kolokolov crite-
ria [42], similarly to those in the continuous case.
A. Collapse of 2D wave beams
Let us first consider the stationary wave beam dynam-
ics (i.e., assume that τ0 → ∞). In this case, system of
equations (9a), (9b) have the integral
exp
(
− 1
4a2
− α2a2
)
+
P
16pia2
= C. (11)
In the case under consideration, C is a quantity propor-
tional to the Hamiltonian. From Eq. (11), we can find
the expression for the curvature of the phase front
α2 =
1
a2
[
− ln
(
C − P
16pia2
)
− 1
4a2
]
. (12)
This expression is meaningful only for wave beams having
a size greater than the minimal one:
amin =
√
P
16piC . (13)
In the case of an initially wide collimated wave beam
(a0  amin, α0 = 0), the integration constant is C ' 1. It
is easy to see that the right-hand side of (12) is positive
for the power P > 4pi. This corresponds to the self-
focusing condition in the continuous case.
Excluding α from (9b), we obtain the equation
da
dz
= ±4
(
C − P
16pia2
)√
− ln
(
C − P
16pia2
)
− 1
4a2
, (14)
describing the evolution of the beam width. Its right-
hand side contains two cofactors. The spatial dynamics
of broad wave beams (a amin) with a power exceeding
the critical one is determined by the second cofactor. The
qualitative difference from a continuous medium arises
with decreasing of beam width and is associated with
the role of the first cofactor in Eq. (14). Thus, we can
distinguish two evolution stages of wide wave beams (C ≈
1). At the first one (while P  16pia2), the radiation self-
focusing occurs as in the continuous case. It is described
by the equation
da
dz
= − 1√
pia
√P − 4pi. (15)
Hence, for the self-focusing length, we find
Lsf =
a20
√
pi
2
√P − 4pi . (16)
4During the self-focusing of the beam, the discreteness of
the medium begins to count, and the system goes into a
mode, in which the first cofactor in Eq. (14) vanishes.
At this final stage, the evolution of the width is deter-
mined by the equation
da
dz
= −4
(
C − P
16pia2
)√
− ln
(
C − P
16pia2
)
. (17)
It describes the decrease in the wave beam width to the
minimum size (13) by the asymptotic law at z →∞
a ≈
√
P
16pi
[
1 +
1
2
exp
(
− 256piP z
2
)]
. (18)
Hence, the characteristic length of formation of a homo-
geneous waveguide channel is much smaller than the self-
focusing length, Eq. (16). The smallness of this length
justifies the separation of two stages in the field evo-
lution: self-focusing and formation of a “homogeneous”
waveguide structure. It is important to note that the self-
channeling mode differs significantly from the continuous
one. The phase front of the wave beam in this regime is
not flat. From (9a) we see that the wave front curvature
increases linearly with respect to z along the propagation
path, as soon as the width decreases to a minimum size.
Thus, this process corresponds more likely to a collapse
to the wave beam structure having a finite width.
B. Self-compression of 3D wave packets
Let us now turn to studying the features of self-
compression of laser pulses in a discrete system. In
this case, it is necessary to analyze the complete, four-
dimensional system of equations (9). However, for suffi-
ciently short pulses τ0  a, we can select a slow-motion
trajectory in system (9), which corresponds to soliton-
like field distributions along the longitudinal coordinate.
For such distributions, the right-hand side of (9c) is close
to zero. This means that the pulse duration changes
smoothly during self-focusing of the radiation according
to the law
τ0(z) ≈ σ
W
a2(z). (19)
Excluding τ0 from (9a), we obtain
α˙ =
(
1
a4
− 4α2
)
e−
1
4a2
−α2a2 − W
2
σ2a6
. (20)
So, the self-action of soliton-like pulses is described by
equations (9b) and (20) having an integral similar to (11):
exp
(
− 1
4a2
− α2a2
)
+
W 2
2σ2a4
= C. (21)
As above, the integration constant C ' 1 for a wide initial
collimated wave packet (a0  1, α0 = 0).
Excluding α from (21) we found the following equation
for the wave beam width
da
dz
= ±4
(
1− W
2
2σ2a4
)√
− ln
(
1− W
2
2σ2a4
)
− 1
4a2
. (22)
The situation here is somewhat more complicated than
for analogous equation (14) in the two-dimensional case.
As above, the evolution of a wide wave packet (a2 
W/σ) proceeds as in a continuous media and is deter-
mined by the second cofactor in Eq. (22). However, the
critical energy for self-focusing in the three-dimensional
case depends on the initial width of the wave beam a0:
W > Wcr =
√
2σa0. (23)
If this relation is satisfied, then the three-dimensional
collapse takes place (both the beam width and its du-
ration decreases according to (19)). In the process of
self-focusing, the role of the first cofactor in (22), which
is determined by the media discreteness, increases. As a
result, the asymptotic law at z →∞ is described by the
equation
da
dz
= −4
(
1− W
2
2σ2a4
)√
− ln
(
1− W
2
2σ2a4
)
.
Its solution
a = ac
[
1 +
1
4
e−64z
2/a2c
]
, ac =
√
W/σ. (24)
describes the regime of radiation self-focusing up to the
characteristic size ac. In this case, according to (19), an
adiabatic decrease in the pulse duration up to the value
takes place
τc = 1. (25)
Thus, the qualitative study shows that the radiation
self-focusing is accompanied by a noticeable shortening
of the duration of three-dimensional wave packets with
the soliton-like distribution along the longitudinal coor-
dinate. At the initial stage, the self-action process devel-
ops as in the continuous media and is determined by the
same condition, Eq. (23) [43]. The features of the discrete
medium become apparent at the final stage and lead to
the finite size of the field localization in the transverse
and longitudinal directions ((24) and (25), respectively).
As a result, a localized structure, called a light bullet, is
formed.
III. RESULTS OF NUMERICAL SIMULATION
OF WAVE BEAM SELF-FOCUSING
Numerical simulation of initial equations (1) in me-
dia without dispersion shows that the variational ap-
proach describes quite well the features of the discrete
problem for a power that is of the order of the critical
value Pcr = 4pi. The data presented in figures 1 – 3
5Figure 1. (Color online) Evolution of the amplitude distribution of a wave beam during its self-focusing in a discrete medium.
The initial field distribution is uij =
√
P/40e−(i
2+j2)/320.
give a complete picture of the evolution of the initially
wide (on the lattice scale) Gaussian wave beam (7) with
α0 = 0. At a power of P exceeding the critical self-
focusing power Pcr, the radiation is focused and the wave
beam is self-channeled near the system axis (see Fig. 1).
Data processing shows (see Figures 1(a), 2(a), and 3)
that the radiation becomes localized in the central fiber
for P < 10Pcr. The field profile here is close to the
Gaussian form. Thus, both the root-mean-square width
〈a〉 =
√∑
ij(i
2 + j2)|uij |2/P and the minimal width es-
timate (13) coincide rather well (Fig. 3(b)). Correspond-
ingly, the decrease in the self-focusing length (Fig. 3(a))
takes place according to the results of the variational-
approach analysis (Eq. (15)). At this, the maximal field
amplitude is limited by a value of about 3.
A further increase in the power of the wave beam,
P ≥ 10Pcr, is accompanied by an increase in the effective
region of self-localization of the field. With increasing
radiation power, one can see the development of the fil-
amentation instability and the wave beam splitting (see
Fig. 1(b)–(d)). In continuous media with the Gaussian
field distribution, this process was studied in [44]. It was
shown that wave beam splitting develops if the power is
of an order of magnitude exceeding that of the critical
power of self-focusing.
Another noticeable difference between the discrete
problem and the continuous one is associated with the
diffusion of the wave field into the peripheral region dur-
ing the wave-beam self-focusing. In the one-dimensional
case, this effect is described in [39]. Its magnitude can be
estimated on the basis of Fig. 2, which shows the change
in the power fraction η1/2 in the central part of the wave
beam (at 1/2 level) along the propagation path. Nu-
merical simulations give about half of the initial power
captured in the self-trapping mode.
6Figure 2. Maximal amplitude umax, the width a1/2 and the power fraction η1/2 in fibers with high intensity depending on the
evolution variable z for different values of the initial power P. The limitation of the maximum amplitude, associated with the
development of the filamentation instability, is seen. The dashed lines present umax =
√
2pi. The parameters are identical with
those in Fig. 1.
At a power exceeding Pcr by orders of magnitude, a
typical aureole appears (see Fig. 1), which has a char-
acteristic size about the initial wave beam width. This
aureole focuses on the center region even after the col-
lapse. This results in an increase in both the power frac-
tion η1/2 in the axial part and the characteristic size a1/2
of the intense-field region with an increasing wave beam
power (see Fig. 2(c)). The noticeable difference between
the root-mean-square width 〈a〉 and width a1/2 denotes
the presence of a large aureole for this case. At this, the
variational approach and estimate (13) become inappli-
cable due to appearance of several local maximums at
a1/2 > 0.
For a discrete system, the necessary conclusions can be
drawn from the expression for the growth rate of the Γ
filamentation instability of a plane wave with the ampli-
tude u0. The corresponding Γ dependence of the pertur-
bation ∝ exp(iκn) on the wave number κ has the form
[34]
Γ2 = 4 sin2
κ
2
(
2u20 − 4 sin2
κ
2
)
. (26)
It follows that the instability growth rate for u20 > 2 is
maximal at the transverse scale of the field perturbation
equal to the lattice period
L⊥ ≡ pi/κ = 1 for u0 >
√
2. (27)
The numerical simulation demonstrates splitting of
self-channeled radiation with the fields amplitudes u0 √
2. Thus, at the nonlinear stage the development of fil-
amentation instability in a discrete problem leads to the
wave beam splitting into a set of wave structures local-
ized in separate optical fibers. Such sets of soliton-type
distributions were investigated in papers [45, 46].
The fields in each fiber will have their own nonlinear
wave-number shift h ' |un,m|2, according to (1). The in-
teraction between the light guides will be exponentially
weak if the phase difference Ld(h−h′) for the character-
istic “diffraction” length of one lattice cell Ld ' 1/2 is
much larger than pi. At the nonlinear stage, this limits
the growth of the field amplitude by the magnitude of
the order of umax:
Ld(u
2
max − |u|2) pi ⇒ umax &
√
2pi + u20 ≈
u01
√
2pi,
(28)
where u0 is the background (initial) amplitude. Numer-
ical simulation shows that the output amplitude lies in
the range
√
2pi . . . 3
√
2pi, when the power P changes by 3
orders of magnitude (Fig. 2, 3(c)). At these amplitudes,
the nonlinear influence on the field evolution becomes
stronger than the tunneling of the wave field into neigh-
boring fibers, and self-channeling takes place in a narrow
set of fibers.
The limitation of the maximal amplitude allows
us to estimate the number of inhomogeneities N ≈
η1/2P/u
2
max. Indeed, using Eq. (28) for the maximal am-
plitude and assuming η1/2 ≈ 0.5, one should expect about
20 and 80 inhomogeneities for powers in Figs. 1(c) and
1(d), correspondingly. The width of the region with a
strong field can be estimated as
a1/2 ≈ N
2
≈ 1
2
√
η1/2P
u2max
≈ 1
8
√
P
pi
. (29)
Here, we use umax ≈ 2
√
2pi, η1/2 ≈ 0.5 for the final
estimate. Numerical simulations show good agreement
with this estimate (Fig. 3(b)).
Along with the filamentation in the central part, the
focusing continues at the periphery of the wave beam.
This is responsible for a certain expansion of the re-
gion occupied by the intense field a1/2 immediately af-
ter the collapse point. Moreover, the presence of the
instability only in a localized region leads to the rise
7Figure 3. (a) Dependence of the length of self-focusing on the
wave beam power. The dashed curve corresponds to analyti-
cal expression (16), and the solid one is the result of numerical
simulation. Figure (b) shows the dependence of the effective
localization region a1/2 and its estimate (29) on the power P,
the root-mean-square width 〈a〉 and the estimate for minimal
width (13), correspondingly. (c) Dependence of the maximal
output amplitude umax on the power P.
of a complex, stochastic field dynamic for powers sig-
nificantly exceeding the critical one. We calculate the
autocorrelation functions for the modification of the
stratified structure during propagation of the wave field
Kij(δz) =
∫ (
uij(z)u
∗
ij(z + δz) + c.c.
)
dz, and for the
presence of a strongly localized maximum K⊥(δi, δj) =∑(
uiju
∗
i+δi,j+δj+c.c.
)
at δz = 0 to testify this. The first
autocorrelation function characterizes the temporal co-
herence, the second one characterizes spatial coherence.
Panels (a–c) in Fig. 4 show the strongly localized max-
ima at δz = 0 and δi = δj = 0, which clearly manifests
the stochastic dynamics.
Note that the discrete collapse will not lead to a col-
lapse in a continuous media in general. Indeed, the maxi-
mal power of the field in dimensional units is determined
by the ratio of the coupling coefficient between adja-
cent light-guides and the nonlinear coefficient. For the
case [27], the coupling coefficient is about 0.01 cm−1 and
the nonlinear coefficient is about 10−5 (W cm)−1. At
Figure 4. (Color online) Autocorrelation function for the wave
field envelope along the evolutionary coordinate in the cen-
tral fiber (a) and along the transverse coordinates (b, c) for
different power values.
this, the maximal amplitude (28) in dimensionless units
is limited by |umax|2 . 2pi. Altogether, they give the
maximal power in the single light-guide of the order of
Pmax
Pcr
=
|umax|2
9× 106 W
0.01 [cm−1]
10−5 [(W cm)−1]
< 0.01.
So, the maximal value is much smaller than the critical
power Pcr for self-focusing, which is about 9 MW for
fused silica. As a result, the single-mode approach used
for Eq. (1) is still valid, and the effects of nonlinearities
inside the light-guides are weak. The similar estimate
was proved by solving the original NSE [47] for large
coupling coefficients (of about 1 cm−1).
Finally, we’ve shown that a two-dimensional array of
light-guides is not suitable for collecting the power to a
single light-guide. The issue is the limitation of maxi-
mal amplitude (28), which effectively breaks the interac-
tion between neighboring light-guides for higher ampli-
tudes. This effectively limits oneself by using radiation
with powers essentially above the critical one. Fortu-
nately, this problem can be bypassed for pulsed radi-
ation, if we take into account media dispersion, which
opens two new possibilities. The first one is ejecting the
pulse energy from the central part by pulse splitting. The
second is formation of a high-power narrow pulse in the
central light-guide, whose amplitude will increase due to
the energy fluxes at tails from neighboring light-guides.
The both cases can yield the pulse amplitude above the
threshold (Eq. (28)). These possibilities will be consid-
ered in the next section.
8Figure 5. Dependence of the wave packet duration τ0 on its
width a during the self-focusing process. The dashed curve is
described by formula (19) for W = 157. A curve consisting
of hollow circles is determined on the basis of numerical sim-
ulation data of original equation (1). The initial wave packet
form is unm = 0.4e
−((n−25)2+(m−25)2)/50−τ2/100.
IV. LIGHT BULLET FORMATION
The collapse of three-dimensional wave packets, even
within the framework of continuous NSE, is one of those
insufficiently investigated processes [20], especially in the
case of wave packets, which are oblate in longitudinal di-
rection [43]. The specificity of the problem we are con-
sidering is that the media discreteness manifest itself at
the wave field self-focusing, and it becomes possible to
capture radiation into the self-channeling regime (see sec-
tion II B).
A. Gaussian wave pulses
Numerical simulation of the evolution of wave packets
with the initial Gaussian form shows that the process of
transverse self-focusing together with longitudinal self-
compression develops in accordance with the variational
approach analysis. The decrease in the pulse duration in
the process of self-focusing (Fig. 5) occurs according to
the law (19). So, we can obtain from (22) the following
estimate for the self-focusing length:
Lf =
a302pi
3/4
3W
. (30)
It is clear from Figs. 6 and 7(a) that the light bullet is
formed at this length, and then the radiation propagates
in the self-channeling mode.
Self-focusing of the wave packet to a size of about
the lattice period weakens diffraction effectively. Accord-
ingly, mode (19) of the adiabatic duration decrease be-
comes violated, and the pulse dynamics become close to
the one-dimensional case. A strong increase in the field
in the near-axis region creates conditions for the devel-
opment of a modulation instability. The situation here is
the same as with the pulse propagation in a single fiber.
One can see in Fig. 6 the splitting of the wave packet into
a set of soliton-type structures self-channeled in the cen-
tral waveguide and the formation of three light bullets.
Thus, the effect of the pulse compression in media with
anomalous dispersion allows us to collect most of the
wave energy in a single light-guide having the pulse du-
ration given by Eq. (25) (Fig. 6 at z = 16). However, the
development of modulation instability limits the propa-
gation of the fields with an amplitude being greater than
the critical one in fiber systems.
For larger pulse energies, the behavior of the charac-
teristic parameters of the spatial part of the field (see
Fig. 7) has a pattern which is similar in many aspects
to that of the wave beam self-focusing (Fig. 2). As pre-
viously (Section III), about half of the wave field energy
(Fig. 7) is ejected into the peripheral region while passing
from radiation self-focusing to self-channeling. At this,
modulation instability occurs in each bright light-guide,
which produces a set of light bullets with monotonically
decreasing durations (Fig. 7) according to law (19).
B. Hollow wave pulses
Numerical simulation of the self-action shows that it
is not possible to suppress the effects of modulation in-
stability under conditions of enhanced filamentation with
increasing energy in the pulse for the case of wave pack-
ets with the initially Gaussian shape. Forming a set of
light bullets in the longitudinal direction is not a very
good scenario. The task of summing the sequence of
laser pulses at the output from a nonlinear medium for
the purpose of further use is a complicated problem. It
is a different matter in the case of predominant devel-
opment of transverse filamentation and the subsequent
formation of light bullets flying parallel to each other.
Such an opportunity can, for example, be realized with
axicon focusing in a system of coupled light guides [48].
This is due to the fact that in the Bessel wave beams
the inhomogeneities of the transverse structure are pro-
nounced much more clearly than in the Gaussian ones.
Let us consider the possibility of predominant devel-
opment of the transverse filamentation of the wave field
ahead of the longitudinal modulation in the problem of
the plane wave instability. The generalization of the in-
stability growth rate (26) to the case allowing for the
additional weak longitudinal modulation with the scale
2pi/Ω leads to the following expression:
Γ2 =
(
Ω2 + 4 sin2
κ
2
)(
2u20 − Ω2 − 4 sin2
κ
2
)
. (31)
Hence, discrete symmetry with respect to longitudinal
and transverse perturbations is violated unlike in a con-
tinuous medium. The characteristic scales of the pertur-
bations 2pi/Ω0, 2pi/κ0, for which instability growth rate
(31) is maximal, are determined from the following rela-
9Figure 6. (Color online) The left column shows the amplitude distributions of the wave packet with the energy exceeding the
critical one at different values of z. The right column shows the corresponding time structures of the wave packet: integral one
(black) and one in the region of the maximum field (red). The initial pulse is uij = 0.4e
−((i−25)2+(j−25)2)/50−τ2/100.
Figure 7. Maximal amplitude umax, the width a1/2, pike duration and the energy fraction η1/2 in fibers with a high intensity
depending on the evolution variable z for the different initial field amplitude u0. It is seen that limitation of the maximum
amplitude is associated with the development of the modulation instability. In addition, one can see the lack of focusing in a
single channel at the amplitude of u0 = 0.8 and higher.
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tions:
sin
κ0
2
cos
κ0
2
(
u20 − Ω20 − 4 sin2
κ0
2
)
= 0 (32a)
Ω20 + 4 sin
2 κ0
2
= u20. (32b)
As in Section III, it is natural to assume that the spa-
tial inhomogeneity of the medium defines the character-
istic spatial scale of the perturbations cos(κ0/2) = 0 (see
Eq. (27)). In this case, we find for the longitudinal wave
number from (32b)
Ω20 = u
2
0 − 4. (33)
So, the development of the modulation instability is sta-
bilized for the fields u0 < 2 and the transverse filamenta-
tion becomes dominant, which develops as in Section III.
The upper field limit (u0 < 2) is violated during the
self-focusing and subsequent self-channeling of Gaussian
wave beams (see Fig. 7). We suggest to use hollow wave
packets to avoid pulse splitting in longitudinal direction.
The results of numerical simulation of the wave packets
having the form
uij = u0e
−
(√
(i−25)2+(j−25)2−r0
)2
/50−τ2/100
(34)
are shown in Figs. 8 and 9. It is seen from Fig. 9 that the
self-focusing mode depends on the field amplitude. Thus,
an increase in the field amplitude from u0 = 0.4 to u0 =
0.8 at r0 = 5 leads to a change in the structure of the focal
region. At u0 = 0.4, the radiation self-focusing takes
place on the axis of the system as in the continuous case.
The hollow structure of the wave packet is preserved if the
field amplitude is doubled. In this case, the self-focusing
of the radiation is accompanied by an increase in the field
on the ring, somewhat less than the initial radius (see
Fig. 9), which weakens the maximum attainable value
of the field amplitude. In the process of forming of an
annular beam with a characteristic thickness being close
to the lattice period, the laser pulse is shortened, and the
field filamentation occurs only along the angular variable.
The corresponding field evolution is shown in Fig. 8. One
can see the formation of light bullets located on the ring
and flying parallel to the axis of the system. The fifth
part of the original energy is involved in this process.
As this stratified structure propagates, the pulse du-
ration decreases. The analysis of numerical simulation
results show that such wave structures have equal phases
only in certain groups of optical fibers located on the
ring. This is due to the symmetry of the square structure
of the array of fibers under consideration. Figure 10(a)
shows schematically three groups of light-guides (black
solid circles, squares and diamonds), in which the wave
structures are mutually in-phase. It should be noted that
the fraction of energy contained in the group of optical
fibers marked by black circles is noticeably larger than
in the other groups. Figure 10(b) shows the time distri-
butions of the laser pulses for three different cases. The
blue dash line shows the wave packet profile, which is the
result of the summation
∑ |uij |2 of the intensities over
all light guides. The solid black curve shows the time
profile of coherent field from the group of light-guides,
marked by black circles (see Fig. 10(a)). It is important
to note that the amplitude of the output signal does not
depend on the interaction length after the formation of
light bullets. Unfortunately, the wave field frequencies
in different groups of light-guides are slightly different.
This results in variation in the coherently summed am-
plitude of wave fields on the ring in dependence on the
interaction length. The shaded area in Fig. 10(b) shows
the scatter of these profiles. It can be seen that the inten-
sity of the coherent output signal in this case depends on
the length of the light-guides. However, even in the worst
case, the intensity of the coherent radiation is higher than
the total “incoherent” intensity from all the light guides.
Thus, it is possible to gather the field from the group of
light-guides marked by black circles using linear elements
(for example, a lens) at the output of the system. This
forms laser pulses which are much shorter and intense
than the original one. As it follows from Fig. 8 and 10(b),
the laser pulse duration decreases by a factor of 15 during
the self-action process under consideration. Its intensity
increases by more than 500 times. At this, the summed
output pulse contains more than 25% of the energy of
the initial pulse.
V. CONCLUSION
The study of self-action of wave packets propagating
along a two-dimensional system of coupled light-guides
shows that media discreteness leads to new features in
the evolution of the system. To construct a qualitative
pattern, we developed the variational approach. This al-
lowed us to classify the self-action regimes, determine the
characteristic parameters, and describe the transition of
self-focusing of wide wave beams to the self-channeling
mode in the central fiber. The latter reflects the pecu-
liarities of a discrete medium and does not depend on the
dimension of the problem.
A more detailed study of the wave field collapse and
its subsequent self-channeling in the near-axis region was
carried out on the basis of numerical simulation of the
discrete NSE. The numerical analysis of self-focusing of
wide axially symmetric wave beams has shown that the
“aberration-free” self-action regime takes place in a lim-
ited range of powers P < 10Pcr exceeding the critical
one for self-focusing. The process of the beam collapse is
accompanied by ejection of about half of the wave field
power from the near-axis region.
At powers exceeding the critical power of self-focusing
by a factor of ten, the development of filamentation in-
stability becomes a noticeable process. The characteris-
tic scale of the instability is equal to the lattice period of
the discrete medium and does not depend on the initial
field amplitude. The maximal field amplitude is limited
by value (28) due to breaking of the interaction between
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Figure 8. (Color online) The left column shows the amplitude distributions of the hollow wave packet at different values of z.
The right column shows the corresponding time structures of the wave packet: integral one (black) and one in the region of
the maximum field (red). The initial pulse is uij = 0.4e
−
(√
(i−25)2+(j−25)2−10
)2
/50−τ2/100
.
Figure 9. (Color online) Dependences of the maximal amplitude umax, the width a1/2, pike duration and the energy fraction
η1/2 in fibers with a high intensity depending on the evolution variable z for different initial ring radius r0 with the field
amplitude u0 = 0.4 (solid) and u0 = 0.8 (dash). There is no collapse of the wave packet to the center fiber both for large initial
amplitudes (b) and for a large radius of the ring (c,d).
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Figure 10. (Color online) Coherent groups of light-guides (a)
and the result of coherent summation (b) of the wave field
over most intensive light-guides (black solid circles in (a)) for
the parameter in Fig. 8. The dashed line in the Figure (b) is
the result of incoherent summation of the wave intensity over
the whole region. The shaded area shows the change in the
coherent intensity depending on the interaction length.
the neighboring light-guides for higher amplitudes. As a
result, further propagation of the radiation occurs inco-
herently through several fibers in the self-trapping mode.
This makes it impossible to collect a high-power wave
beam into a single light-guide.
The analysis of the transition from laser pulse self-
compression to its self-channeling shows the possibil-
ity of a noticeable decrease in the duration of a three-
dimensional wave packet. However, as the self-focusing
and localization of the radiation in the central light-
guide increase, the field amplitude increases to such an
extent that the variational approach becomes inapplica-
ble due to the development of the modulation instabil-
ity. The self-channeled compressed wave field splits into
a set of solitons, as in the one-dimensional continuous
case. Thus, the self-action of pulsed radiation in a dis-
crete medium with an anomalous dispersion of the group
velocity leads to formation of light bullets flying one-by-
one along the system axis.
The formation of light bullets that fly parallel to each
other is more convenient for practical use. Such situa-
tion can be realized under conditions when the filamenta-
tion instability develops faster than the modulation one.
Hollow wave structures are suitable here. Self-focusing
of such field distributions leads to a spatial localization
of the wave packet near the ring. Numerical simulation
shows that as a result of the development of filamenta-
tion instability along the angular variable, a set of light
bullets is formed in the optical fibers located parallel to
the axis of the system. In the process of self-action, the
duration of the initial pulse also decreases. More impor-
tantly, solitons in individual fibers are coherent. Using
linear elements (for example, a lens), the fields at the
output of the system can be summed and form a much
shorter than the original, intense laser pulse.
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